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Abstract

Fractional calculus and heavy tailed stochastic processes have already
proven useful to model anomalous diffusion/dispersion on the earth
surface. Many open problems remain, including experimental efforts to
verify power law statistics, incorporation of waiting times between
particle movements, development of fractional models to explain
multifractal behavior, tempered or truncated power laws, and other
alternative models between Gaussian and power law.
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Continuous time random walk

Particle location: S(n) — Xl + .-+ Xn
Jump time: T(n) — Jl S Jn



Exner equation and CTRW

Exner equation: [JEEEY {—” = Dy (z,t) — Ey (2, 1)
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Here n=elevation, 4 =porosity, D,=deposition rate, £,=entrainment rate.

An active layer formulation leads to the probabilistic Exner equation:

/ fa(z =1 t) fo(r)dr — fo(x,t)
o0

Here L =active layer thickness, f =fraction of particles in the active layer,
and f=step length pdf for particle jump X. See Ganti et al. [5].

This equation governs the pdf of a CTRW with exponential waiting times
having mean A=(1-4,) L /E,,.



CTRW simulation

Jumps are uniform on [-1,1]

Waiting times are exponential with mean 1.



More jumps




Long time limit: Brownian motion
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Long time limit process 1is statistically predictable [11].



Probabilistic Exner equation and ADE

Ganti et al. [5] compute the long time limit (4,=0):

This Advection Dispersion Equation governs a Brownian motion.
The ADE 1s valid 1f the step length pdf /, has finite mean and variance.

Infinite variance jumps lead to the fractional ADE of Benson et al. [2]:

Valid for power law jumps: P(X > x)~Cx * O0<a <2



CTRW simulation with long particle jumps

P(|X|>x)=Cx*, C=1, a=15




Longer time scale




Long time limit: Stable Lévy motion

Limit retains large particle jumps, see Benson et al. [2].



CTRW with long waiting times

The CTRW with infinite mean waiting times has a long time limit
governed by a time-fractional ADE [8]:

NC(x,t)  OC(x,t)

- 0°C(x, t)
—U—F D—— '~
ot ox + e

Valid for power law waiting times: P(J >#)=Cx~ 0<y<l1
For finite variance jumps, take 0=2 (classical in space)

For infinite variance jumps, take a<2 (fractional in space)

Schumer et al. [15] apply to particle transport.

Schumer and Jerolmack [14] apply to geological records.



CTRW with long waiting times

PJ>t)~Ct”, C=03, f=09



More jumps




Long time limit: Subordinated motion

Flat portions are particle resting periods.



Where to power laws come from?

Inspired by Nate Bradley (STRESS 2007):

Condition on particle size d: JHOERILEEN RNk m = kd

This leads to a power law
step length:

See also Ganti et al. [5] and
Stark et al. [16].




Tempered power laws

Exponential tempering: P(X > x)~Cx * — Cx “e ™

Tempered ADE: (VSN CRIENST g N CN3
Tempered fractional derivative:

O f(x) = e AL f(x)] — A f(a) — aX* 10, f(x)

Leads to a model that resembles fractional ADE at short time,
classical ADE at long time.

Euler finite difference solutions, and particle tracking
solutions, are outlined in Bacumer et al. [1].



Tempered Levy motion
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The tempering parameter A cools the jumps.

Can also temper the time derivative [12].



Fractional Laplace motion

A i
Laplace pdf: P(X > x) = Ee Al

Hydraulic conductivity increments at the MADE site [9].



Long time limit for Laplace motion
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Sums of Laplace variables (here, the MADE data) are eventually normal.



Fractional Laplace motion

Fractional Brownian motion + exponential waiting times

o, 02 (T(2H +t/v) T(2H+s/v) T(2H +|s—t|/v)’
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Exponential cousin of the fractional derivative (here H=1/2):

dg(z,t) L . 1
— e = IE\" qlxr,t)+ IEE‘ q(x,t),

"
s

o " flr—vy) F f(z) ..
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Ganti et al. [4] apply to sediment transport in SAFL flume.

Multifractal properties are explored in Ganti et al. [4].



Vector fractional ADE

GCéJtCJ) =—v-VC(x,t)+ DV C(x,1)

The vector fractional derivative 1s a Cushman-type convolution [3]:

Vi Cxn) = [(Cx=y,0)=C(x,0)+ y-VC(x,01)) $(dy)

b(dy) = m(f) drd 0 y =10

r

Eigenvalues of the matrix £ determine power law jumps.

The mixing measure m(6) determines jump directions.




Mixing measure

The mixing measure m(6)d6 codes the large jump directions.

Write vector jump in polar form: (X Y ) =7r"6

For more details see Schumer et al. [13].



Vector fractional ADE for ground water flow

50
Distance from source (x)

Discrete mixing measure, and different spreading rate in each coordinate.
Coordinates are determined by the flow direction

Particle tracking solutions by Zhang et al. [18].



The mixing measure M governs particle jump direction

Conceptual operator stable model for
fracture flow from Schumer et al. [13].

Solutions via inverse FFT and particle
tracking from Zhang et al. [18].

Finite difference methods are discussed
in Tadjeran et al. [17] and [10].




Conclusions

 Fractional derivatives <> power laws

* Long jumps <> space-fractional ADE

e Long waiting times < time-fractional ADE
* Need models and data to support power laws
e Power laws can be tempered

* Exponential alternatives to power laws

» Multifractal properties should be explored

* Vector models are a useful extension

* Lots and lots of open problems!
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